The flux-pinning-induced magnetostriction of hard type-II superconductors shaped as a rectangular slab is analyzed. An exact solution of the magnetoelastic three-dimensional problem is found using the plane strain approach. All stress and strain components are expressed in terms of the flux-density profile in the slab, and apply for any critical-state model j c ϭ j c (B). Discussed at some length is the tensile stress occurring for a descending magnetic field. Results for both the Bean model and the exponential model are presented.
Magnetostriction caused by flux-pinning forces were first reported by Ikuta et al., 1 who measured wide hysteresis loops of dilation versus magnetic field in crystals of Bi 2 Sr 2 CaCu 2 O 8 . Later, the same effect was observed in numerous other superconductors, both high T c and conventional, [2] [3] [4] and it is now believed that the irreversible magnetostriction is a general manifestation of flux pinning. Furthermore, as the development of single-domain ͑rare earth͒ Ba 2 Cu 3 O 7Ϫ␦ bulks proceeds to larger sizes and highercritical current density j c , also another side of the pinninginduced stress-strain picture is frequently seen, namely a strong tendency to crack in high fields. 5 Experimentally the strains are found either by measuring changes in end-to-end dimensions using dilatometry, or by using strain gauges attached to the faces of the sample. The interpretation of such data is obviously relying upon solutions to the magnetoelastic problem for the appropriate geometry. In the original analysis of Ikuta et al. a onedimensional ͑1D͒ model proved sufficient to explain the basic behavior. Later, solutions for more realistic geometries have been presented, 5, 6, 3 although all of them being 2D approximations in the elasticity treatment. Surprisingly, there is so far no 3D stress-strain calculation published for the pinning-induced magnetostriction problem. Using the planestrain approach, we present in this paper a full 3D solution for stress and strain in a long rectangular slab placed in a parallel magnetic field.
Consider a type-II superconductor shaped as a prismatic slab with rectangular cross section ͓see Fig. 1͑a͔͒ . The thickness of the slab (2w) is assumed relatively small compared to the dimensions L y and L z . The slab is placed in a magnetic field B a pointing in the z direction. We seek a solution of the flux-pinning-induced stress-strain problem based on the following assumptions: ͑i͒ The magnetic behavior can be described by the criticalstate model. The critical current density can have any dependence on the local induction j c ϭ j c (B). ͑ii͒ Demagnetization effects are negligible, i.e., the slab is assumed sufficiently long in the z direction. ͑iii͒ In the x-y plane the magnetic properties are isotropic. ͑iv͒ Elastically, the slab is isotropic, and it has a free surface. ͑v͒ The deformations are well below the fracture limit, thus allowing linear elasticity theory to be applicable.
In the critical state the flux penetrates with a density Bz into the slab in the x-y plane equally from all sides. This leads to flow of j c in a pattern of concentric rectangular loops, where each loop is equidistant from the external boundary. Near the corners, the current bends abruptly by 90°along the so-called discontinuity lines. The body force f associated with one such current filament is indicated in Fig.  1͑b͒ . From the construction of the current loops the slab cross-section area is divided into four regions, each containing parallel forces. Evidently, the two triangular end sections will act as a wedge pressing itself into the slab when the Fig. 1͑c͒ . In other states of magnetization the body force will point outwards, and the deformation will be a corresponding convex distortion of the original shape.
In the central part of the slab, in a region about 2w away from the short side, the shape distortion will, according to Saint-Venant's principle, be significantly reduced. Moreover, the principle 7 says that the correct elastic state of the central part can be found by replacing the triangular force distribution by a statically equivalent one. Choosing here a uniform stress y (e) as equivalent the central part of the slab becomes tractable for analytical treatment.
Let us first determine the uniform load that can replace the forces acting along y in the triangular sections ͓see Fig.  1͑d͔͒ . Using 0 jϭٌϫB(x,y)z, and that the body force is given by fϭjϫB(x,y)z it follows that the force-per-unit volume equals
Integration over the triangle gives the total force
Here, f y (y) and B(y) is the force and flux density along the y axis in Fig. 1͑d͒ . As shown in Ref. 3 , if the end section is not flat, but consists of a semicircular prism, the total force can be found in a similar way. Letting F y be distributed uniformly over the area L z ϫ2w it represents an equivalent stress of
For the central part of the slab, we therefore need to solve the elasticity problem with the following requirements:
To this end we apply the plane-strain approach, similarly to our treatment of the long-circular cylinder. 8 In Cartesian coordinates the normal stress and strain components are related by
where E and is the Young's modulus and Poisson's ratio, respectively. The linearity of the problem allows us to find the final elastic state, consistent with Eq. ͑4͒ by a superposition of two deformation steps, each of them satisfying Eq. ͑5͒. The central part of the slab is now taken as our new object, which has dimensions 2wϫL y ЈϫL z , where L y ЈϽL y Ϫ4w, and where the flux penetrates with a gradient now only in the x direction.
As step 1, let the central slab be constrained to fixed dimensions in the y-z plane. Assume that perfectly rigid and smooth planes keep L y Ј and L z constant, while the slab can expand or contract freely in the x direction. Since the body force now is uniformly distributed in the y-z plane and directed along x, the deformation in the constrained state is described by the simple displacement field uϭ͓u(x),0,0͔. Having e y ϭe z ϭ0, the rigid planes build up normal stresses amounting to
The condition of static equilibrium in the x direction is expressed by
where the body force f x equals
Hence, the stress is given by
Because of equal penetration along x and y in the original slab, the two functions denoted B(y) and B(x) are in fact the same. Therefore, the stress generated by the end sections ͓Eq. ͑3͔͒ has a value equal to the averaged x ,
͑10͒
From Eq. ͑5͒ it follows that the strain along x becomes
which completes the stress-strain picture for the constrained state. As step 2, the slab is relieved from the constraint by adding compensating forces at the end faces. To comply to the two last requirements of Eq. ͑4͒, the forces are chosen to give additional uniform stresses equal to
where ͗ ͘ denotes stress generated in step 1, and averaged along x. Note that since the builtup y and z are both nonuniform, the zero-stress requirements are satisfied only in an average sense. However, applying again Saint-Venant's principle this only means that local deviations occur near the end of the slab also along z. These two regions behave anyway differently also from a magnetic point of view.
Inserting the set of additional stresses, including x Јϭ0, into Eq. ͑5͒ yields
͑13͒
Adding these strains to the ones in step 1 we obtain the final result, now expressed in terms of the flux density
The displacement along x is u(x)ϭ͐ 0 x e x (xЈ)dxЈ, which gives externally the magnetostriction
The only nonzero stress remains the x in Eq. ͑9͒. In increasing applied fields one has generally B(x) рB a , which makes the stress x р0, i.e., compressive, and the dilatation ⌬w/wϽ0 a contraction. Also along y there is contraction, as one in fact has e y ϭ⌬w/w, see Eqs. ͑14͒ and ͑15͒. Parallel to the field e z Ͼ0, and the slab is elongated. While the strain along y and z is uniform, this is not the case along x. The strain e x , expected to show contraction, can in fact change sign near the surface xϭϮw. Here, the sign is determined by the factor (1Ϫ3), which when Ͻ1/3 gives e x (Ϯw)Ͼ0.
When the applied field starts to decrease from a maximum value B a , the direction of the critical current is reversed in the outer part of the slab. In this remagnetized region the body forces are reversed, whereas they remain unchanged in the inner part. Thus, both compressive and expansive forces are simultaneously present, and a more complex stress-strain picture arises. Of particular importance, is that now the stress becomes tensile in some parts of the slab. This correlates with the probability for generating cracks or expanding already existing microcracks in the material, and hence demands a more detailed analysis.
Assuming a j c independent of B, i.e., the Bean model, the flux-density profiles are readily calculated with the result that the stress ͓Eq. ͑9͔͒ becomes
where x 0 /wϭ1Ϫ(b a Ϫb a )/2 is the position of the remagnetization front. We use here the notation b a ϵB a /B p , etc., i.e., all fields are normalized by the full-penetration field B p ϭ 0 j c w, and we define 0 ϭB p 2 /2 0 . Shown in Fig. 2 is the stress x for descending B a after first being raised to 2B p . A tensile stress peak accompanies the remagnetization front as it sweeps through the slab from x 0 ϭw, to x 0 ϭ0 in the remanent state B a ϭ0. Notice that the overall maximum tensile stress occurs before the remanent state is reached. The dashed envelope curve for the stress peak is generally given by Figure 3 shows the stress for decreasing B a , after an initial field increase to B a ϭB 0 ln(1ϩ2k). This is the B a leading to full remagnetization when the remanent state is reached, i.e., it corresponds to the previous case b a ϭ2 in the Bean model. This field travers is also the optimal choice if the aim is to energize the superconductor as a trapped-field, or quasipermanent magnet, with a maximum remanent induction at a minimum cost in terms of applied field. From the plot, made for kϭ1, one sees that the stress distribution is developing much in the same way as in the Bean model. The main difference lies in the path followed by the peak stress, which now reaches its overall maximum closer to the center at x ϭ0.12w, where the stress equals x ϭ1.08 0 . The peak envelope curve is for the exponential model given by 
͑19͒
In general, as one moves away from the Bean model (B 0 decreasing͒, the nonmonotoneous character of the envelope curve deminishes and the overall maximum stress is met increasingly closer to xϭ0 and B a ϭ0. At the same time its value approaches 0 . In summary, we have presented an exact solution of the magnetoelastic problem valid for the central part of a rectangular slab. Using these results it is possible by combining measurement of different strain components, e.g., by mounting strain gauges in various directions on the slab, to determine both the magnetic and elastic properties of the superconductor separately. However, due to significant shape distortion near the ends the place to mount the strain detector should be chosen carefully.
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